Ž .
Drinfeld and Jimbo is an associative Q¨algebra on the generators F , . . . , F , K , . . . , K , K y1 , . . . , K y1 , E , . . . , E subject to the relations 1.2. Now several programs for the realization of quantum groups have been raised. A successful model is the Hall algebra of hereditary algebra w x that was introduced by Ringel 13 . Let k be a finite field, ⌳ a finite dimensional hereditary k-algebra, and P P the set of isomorphism classes of finite dimensional ⌳-modules. For every ␣ g P P, choose u to be a representative in ␣, for ␣, ␤, g P P, and 
Ý
␣ ␤ ␣ ␤ g P P w x Ringel 13 proved that the quantum Serre relation is a zero element in Hall algebra and, if ⌳ and g enjoy a common Cartan datum of finite type, Ž . positive part U of U g is canonically isomorphic to the generic compoq Ž sition algebra of ⌳ if g and ⌳ enjoy a common Cartan datum of any . type , where composition algebra is the subalgebra of the Hall algebra generated by simple ⌳-modules.
By combining the Ringel multiplication and Green comultiplica-
Ž tion, Hall algebra becomes nearly a bialgebra. It is natural as we did for . the quantum group to add the torus algebra T to H. We show below Theorem 4.5 , as an easy consequence of the Ringel᎐Green theory, this extended Hall algebra becomes really a Hopf algebra, and the antipode w x can be formulated in a global way too. According to Ringel 16 , we can define the Ringel pairing between positive and negative extended Hall Ž . algebras. The reduced Drinfeld double is obtained from the Ringel pairing, so according to the philosophy of Drinfeld, Hall algebras also join the Hopf algebra classes that fit the solutions of the quantum Yang᎐Baxter equation. We can restrict the construction to the generic composition algebra, which really gives a realization of the whole quantum group U.
It is well known that quantum groups are Hopf algebras, but the Ž . operations multiplication, comultiplication, and antipode can only be defined on the generators E , F , and K . An obvious advantage of the
Hall algebra approach is that these operations are globally defined over a basis. Elements in the basis can be interpreted as modules over ⌳, and these operations have some interpretations from the representation theory of ⌳. So the Drinfeld double structure provides us a chance to write down a formula for the commutators u y u q y u q u y for any , Ј g P P.
Ј Ј 1. 4 . In Section 2, we give the definitions of Cartan datum, skew-Hopf pairing, and Drinfeld double. Our concern is devoted to the skew-Hopf Ž . pairing belonging to a Cartan datum C; this class is denoted by L L C . We review the construction of Lusztig and Joseph in the framework of skew-Ž . Hopf pairing; both are restricted nondegenerate members of L L C . Section 3 is a review of Green's result only with a slight modification. For Ž q y . Ž . A , A , gL L C , there is an algorithm to calculate that only depends on the Cartan datum. This implies that any two restricted nondegenerate members are canonically isomorphic, so the constructions of Lusztig and Joseph are canonically isomorphic to each other. In Section 4, one of our main results is Theorem 4.5 , which gives the Hopf algebra structure of Ž . the extended twisted Hall algebra. In the last section, the positive and negative Hall algebras and their Ringel pairing are formulated precisely, so we have the reduced Drinfeld double of Hall algebras, which on restriction to the generic composition algebras gives a realization of Ž .
yy quantum groups Theorem 5. 8 . The formula for u u y u u is given; if
we take one to be simple ⌳-module u or take Ј s to be exceptional i modules, the formula has some simplified form. 1 . 5 . In this paper it is always to be that N denotes the set of nonnegative integers, Z denotes the set of integers, and Q denotes the set of rational numbers. We should make it clear that in the following, Hall Ž . algebra always means extended twisted Hall algebra see Theorem 4.5 .
Ž .

SKEW-HOPF PAIRING OF A CARTAN DATUM
2. 1 . In this paper, we choose R to be a commutative integral domain of Ž . characteristic zero we need Z ; R and choose¨an invertible element of Ž . R. A special case is Q¨, the rational functional field over Q in one variable¨. In the following the tensor product m means m . and 5 antipode : H ª H that satisfy the following conditions: The algebra structure of A m B is determined by i j i, jg I 2. 6 . The torus of C is the associative R-algebra T defined by the w x generators K , ␣ g Z I , subject to the relations K s 1 and 7 . We say that the skew-Hopf pairing A , A , belongs to the Ž Ž ..
Given Hopf algebras A and B, a Hopf pairing of A and B is an
or A , A , is a member of L L C if the following conditions are satisfied,
q generated by elements x g A igI and A s T such that
y generated by elements x g A igI and A s T such that
Ž .
Ž q y .
2.8.
A , A , is said to be a restricted nondegenerate member of
2.9.1. Let f be the free R-algebra on free generators , i g I, and ĩlet F be the R-algebra generated by f and T subject to the relations 
for i g I, and F s T. The Hopf algebra structure of F is given by
It is easy to verify that F is a Hopf algebra.
y y 2.9.2. Similarly, let f be the free R-algebra on free generators , ĩ yỹ i g I, and let F be the R-algebra generated by f and T subject to the relations
by the monomials y y иии y such that for any i g I, the number of
F is a free T-module of finite rank and F s [
in F exist and are given by 
It is easy to see that T , ␣ g Z I , are one family of ␣ commutative linear functions and satisfy that T T s T and T s
F is an associative R-algebra with free generators , i g I, and i w x generators K , ␣ g Z I , subject to the relations
Then there exists an algebra morphism : 
Ž . y q
We prove c by induction. First we take yЉ s , x s , and xЈ s K ,
y y or x s K and xЈ s . Note that ⌬ s m 1 q K m :
. 
2 If asK and b s b b is a homogeneous element of F , then
by the inductive assumption Ž .
where one should notice that y1 is an anti-automorphism. 
Ž .
s y¨1 y¨.
Ž . 
Ž
.
Ž .
5 In general let a s a a and b s b b be homogeneous elements
The proof is finished. F, respectively, we have the weight decomposition f s [
where f is the image of f under the natural maps f ª f , and
where F is the image of F under the natural maps
Then ⌬ induces an algebra homomorphism F The pairing : F = F ª R factors to a pairing F = F ª R, again by :
with generators x , i g I, and U a free R-algebra with generators x , i i i g I. As before they have the natural gradatioñ
Let T denote the automorphism of U defined by T x s¨x i ĩ y w x for any g Z I and define the T left skew derivation ␦ of U for any 
x y .˜q˜y 2.11. 3 . We need to add the torus algebra T to U and U , respec-
For any g Z I , j g I, the operators T and ␦ can be j y y Ž ␣ , .
Ž . Ž . extended to act on
For example, we check that
Then is a well-defined pairing.˜q 2.11. 4 . As before, there are induced Hopf algebra structures on Ṽ y˜q and V . The Hopf algebra V is given by
The Hopf algebra V is given by
The operations ⌬ and for V are
We have the following properties:
x, y .
Ž .
The formula holds. As- 
for all x, xЈ g V and y, yЈ g V .
Proof. a is obvious and b is the property 1 . Now we come to provẽ q˜y Ž . c . Take x, xЈ g U and y g U to be homogeneous elements. If we
Ž . Ž .
x,y xЈ ,y
Ž . Ý y < y< 1 2 2 < < < < < < < < < < < < < < < < We may assume y q y s y , x q xЈ s y , and xЈ s y . So it is 1 2 2 reduced to
by the inductive assumption Ž . 
y /0 by the inductive hypothesis. Thus x x , y K sT , ␦ T s0, and T K s¨K for all i g I, ␣, ␤ g
Then : V ª R and the pairing : 
The proof follows from A2 and A3 of Section 2.7 and b Ž . and cЈ of Section 2.2 by induction.
by A2 of Section 2.7 and 1 
b
. By the inductive assumption we have 
where
Set f to be a permutation that is induced by f Ј and mapping p to . Then f g G and also any f g G is obtained similarly. Thus
Ý fgG ab
Because G s G y1 and Ž. Ž. Ž . Ž .
Ý a a b 
Ž . agI
By Proposition 3.3, this is equivalent to w x c M¨s 0 for all b g I and all gN I Ž . Ž . Ý a a,b Ž . agI Ž q y . i Ž . since Ł x , x / 0
HALL AND COMPOSITION ALGEBRAS
4.1. Now we consider the Hall algebras over hereditary algebras. We < < ' fix some notations in this section. Let k be a finite field,¨s q , q s k , and ⌳ be an associative hereditary k-algebra. Assume also that ⌳ is < 1 Ž .< finitary in the sense that Ext S, SЈ -ϱ for all simple ⌳-modules S, SЈ ⌳ that are finite as sets. This condition is met if ⌳ is finitely generated as w x k-algebra 12 . Let P P be the set of isomorphism classes of ⌳-modules of finite cardinality. We denote by 0 both the zero module and its isomorphism Ä 4 class. Let P P s P P R 0 . For every ␣ g P P let u be a representative in ␣.
␣
Given ␣ g P P, let a be the order of the automorphism group of u . Given ,,Ј , g P P The Green formula reflects the symmetry of the module category of a w x w x hereditary algebra deeply. For its proofs we refer to 5 and 16 .
More generally, given ␣ , . . . , ␣ , g P P, let F F be the set of ; P P, then
Hom u , u Ž .
where the sum is taken o¨er P P.
Given ⌳-modules M, N, let
² : 
Ringel symmetric form I, ᎐, ᎐
is a Cartan datum. R 
Ž .
We denote by k an algebraic closure of k. For any n g N, let F n be w Ž . x the subfield of k with F n :k s n. Let R be a commutative integral domain containing the integers Z and containing also elements¨,¨y 1 , ⌳, P P, P P , and I given as above. Let 
Ž . such that the tensor algebra T S S is a finite dimensional hereditary k-algebra, Ž . the simple T S S -modules are indexes by I, and the Ringel symmetric form
Ž . Ž . Ž . Ž Ž .. ᎐,᎐ of T S S is equal to ᎐, ᎐ of I, , .
Ž . Ž . a
Ringel Multiplication:
Ž .
Proof. a The associativity of the multiplication follows from the fact that
Obviously the unit element is just u s K s 1.
w y 1 x b By 9 or 16 , it is known that a a ra g belongs to Z¨,
It will be enough to prove that
From the definition of g it follows that g / 0 implies that dim u ␣␤ ␣ ␤ s dim u q dim u for any ␣, ␤, g P P. So we may assume here that
and hence
Ž . Comparing with the coefficients of u K m u in ) and )Ј , we see that According to the definition of Hopf algebra, we only need to verify that 
s␦ yK u y y1¨Ž 
Ž . Ž .
The subalgebra of H ⌳ generated by K ␣ g Z I is a torus ␣ w x defined on Z I . Also it is isomorphic to the group algebra of the Grothendieck group of mod ⌳. 
Then we have
we obtain the formula
This is just the formula in Corollary 4.3, so the proof is finished.
H is a N I -graded algebra.
Proof. We only have to observe that g / 0 implies that dim u ␣␤ s dim u q dim u , and also that the maps ⌬ and in Theorem 4.5 are ␣ ␤ both graded.
Ž . Ä <
Proof. We only need to show that g / 0 implies that deg u F ␣␤ deg u q deg u . This is equivalent to saying 
Ž .
PROPOSITION. The antipode of H ⌳ is in¨ertible and the in¨erse satisfies a иии a m
for any g P P and y1 K s K
Ž .
␣ y␣ w x for any ␣ g Z I .
Proof. We consider HЈ that satisfies HЈ ' H ⌳ as associative algebras, but is equipped with opposed comultiplication ⌬Ј s ⌬ opp , that is,
for all g P P and ␣ g Z I , and the same co-unit as in H ⌳ . As in the proof of Theorem 4.5, the formulae
␣ y␣ w x Ž . for all g P P and ␣ g Z I , define the antipode of HЈ. Since H ⌳ is a Ž . Hopf algebra, End H ⌳ is an associative algebra under the multiplica-
It follows from Proposition 4.8 that H ⌳ is a noncommutative and non-cocommutative Hopf algebra unless ⌳ is semisimple or is the degeneration at¨s 1.
COROLLARY. We ha¨e the following orthogonal relations:
a иии a a X иии a X X X mqn 
Taking¨s F n , we have the Hall algebra H ⌳ n , Z¨,Ž :
system since s . We consider the directed limit 
is the simple ⌳ n -module corresponding to i g I and K s K 1 for
It is a Hopf subalgebra over Q¨too. Since
. so the tensor product for C* ⌳, Q¨coincides with the ordinary tensor Ž . Ž Ž .. product over Q¨. Hence C* ⌳, Q¨has the Hopf algebra structure as Ž . Q¨-algebra.
DRINFELD DOUBLE OF HALL ALGEBRAS
Ž Ž .. 5.1. Given a Cartan datum C s I, , , let ⌳ be a finite dimensional hereditary k-algebra corresponding to it. Let R be a commutative integral y1 2 < < domain containing the integers Z and elements¨,¨, where¨s q s k . q Ž . 5.1. 1 . Let H ⌳ be the Hall algebra defined as in Theorem 4.5 , that q Ž . Ä q < w x 4 is, H ⌳ is the free R-module with the basis K u ␣ g Z I , g P P .
␣ q Ž . The Hopf algebra of H ⌳ is given as follows.
␣ y␣ y Ž . 5.1.2. Dually, let H ⌳ be the free R-module with the basis
The Hopf algebra of H ⌳ is given as follows.
y w x with co-unit u s 0 for / 0 in P P and K s 1 for all ␣ g Z I .
␣ c Ž .
In H ⌳ , ⌬ and exist and satisfy
␣␤ ␣Ј ␤Ј ␤ ␤ ␤␤Ј
< < where u is the ordinary cardinality of the module u . 
Indeed we have Ž . For cЈ we should show that
We have Ž . It remains to show dЈ :
It is trivial if s 0 or Ј s 0. So we assume that / 0 / Ј in P P. Then
For any , Ј g P P, we ha¨e the following formula in 
where we may assume that dim u s dim u , then Ž .
a ␤ g P P q Ž . 5. 6 . We consider the composition algebra C ⌳, R , which is the q Ž . Note added in proof. After this paper was accepted, the author was kindly informed by Professor M. M. Karpranov that the latter has some similar considerations in the preprint ''Eisenstein series and quantum affine algebras.''
